Abstract. In this article, based on the higher-order shear deformation plate theory, buckling analysis of a rectangular plate made of functionally graded piezoelectric materials and its effective parameters are investigated. Assuming the transverse distribution of electric potential to be a combination of a parabolic and a linear function of thickness coordinate, the equilibrium equations for the buckling analysis of an FGP rectangular plate are established. In addition to the Maxwell equation, all boundary conditions including the conditions on the top and bottom surfaces of the plate for closed and open circuited are satisfied. Considering double sine solution (Navier solution) for displacement field and electric potential, an analytical solution is obtained for full simply supported boundary conditions. The accurate buckling load of FGP plate is presented for both open and closed circuit conditions. It is found that the critical buckling load for open circuit is more than that of closed circuit in all loading conditions. Furthermore, it is observed that the influence of dielectric constants on the critical buckling load is more than those of others.
Introduction
Functionally graded piezoelectric materials (FGPMs) are a new type of intelligent materials which have been used in micro-electro-mechanical systems (MEMs) and smart structures as actuators and sensors (2008b) . Because of important applications in medical and aerospace industry, these materials have attracted attentions in researches. FGPMs have material properties which vary spatially from a point to another point continuously. The buckling analysis of plates, shells and beams is one of the most important research fields on isotropic, composite materials, functionally graded FGMs, piezoelectric materials and FGPMs.
In the case of isotropic and composite materials many researchers have been considered buckling analysis. For example, Kuo and Yau (2012) derived buckling equations of orthotropic thin plates using energy approaches. Hosseini-Hashemi et al. (2008a) studied the buckling analysis Corresponding author, Professor , E-mail: kadkhoda@um.ac.ir a Ph.D. Student, E-mail: ghasemabadian@stu.um.ac.ir of in plane loaded isotropic rectangular plates with Levy-type boundary conditions and obtained an analytical closed-form solution. Civalek et al. (2010c) using classical plate theory studied the buckling analysis of rectangular plates subjected to various uniform and non-uniform distributed in-plane compressive loads. The buckling analysis of thin isotropic plates and columns by using differential quadrature (DQ) and harmonic differential quadrature (HDQ) was presented by Civalek (2004a) . Using variable refined plate theory, Kim et al. (2009c) investigated the buckling analysis of isotropic and orthotropic simply supported rectangular plates.
For the buckling analysis of functionally graded rectangular plates, based on classical plate theory, Javaheri and Eslami studied the buckling analysis of simply supported plate under mechanical (2002a) and thermal (2002b) loadings. Moreover, Shariat and Eslami (2007) presented a closed form solution for the buckling analysis of simply supported plate based on higher order shear deformation plate theory under mechanical and thermal loadings. The thermal buckling analysis of simply supported plates based on first and third order shear deformation theory was investigated by Lanhe (2004b) and Javaheri and Eslami (2002b) , respectively. The critical buckling load for the plate with Levy-type boundary conditions based on classical, first and third order shear deformation theory was presented by Mohammadi et al. (2010e) , (2010d) and Bodaghi and Saidi (2010b) , respectively. Based on classical plate theory, Amiri Rad and PanahandehShahraki (2014d) investigated the critical buckling load of plates containing a crack. Moreover, Akgöz and Civalek (2014a) investigated the thermo-mechanical size-dependent buckling analysis of functionally graded micro-beams based on the sinusoidal shear deformation beam and modified couple stress theories.
On the other hand, the buckling and post-buckling analysis of piezoelectric plates, have been addressed by many researchers and several works have been conducted to investigate the buckling, post-buckling and thermal buckling behaviors of smart composite plates. For instance, buckling control of laminated composite plates using piezoelectric materials on the basis of the first order shear deformation plate theory was studied by Chandrashekhara and Bathia (1993) . Based on the three-dimensional elasticity theory, the dynamic buckling analysis of a plate with surface bonded piezoceramic elements was presented by Batra and Geng (2001a) . Varelis and Saravanos (2004c) presented the buckling and post-buckling response of composite laminates and plates with piezoactuators and sensors due to large displacements and rotations.
Dynamic buckling of laminated plates with piezoelectric sensors and actuators under thermoelectro-mechanical loadings was studied by Shariyat (2009d . Based on higher order shear deformation plate theory, he investigated the forced and free vibration and dynamic buckling of rectangular FG plates with piezoelectric sensors and actuators subjected to thermo-electromechanical loading conditions. Three-dimensional thermal buckling analysis of simply-supported piezoelectric asymmetric angle-ply laminates with finite layer method studied by Akhras and Li (2010a) . Yang (1998) obtained equations for the buckling of a thin piezoelectric plate and showed that the effect of piezoelectricity on the buckling load is of the order of the electro-mechanical coupling factor which is not small when the material has a strong piezoelectric coupling. Based on the higher order shear deformation plate theory, Shen (2005 presented the thermal postbuckling analysis of a simply supported laminated plate with piezoelectric actuators subjected to the thermo-electrical and the thermo-electro-mechanical loads. He (2001b) studied the postbuckling analysis of simply supported, symmetric FG plates with fully covered or embedded piezoelectric actuators subjected to the thermo-electro-mechanical loads. Moreover, he presented a fully nonlinear compressive post-buckling and thermal post-buckling analysis for FG hybrid plates with PFRC actuators (2001c). A three-dimensional exact piezoelasticity solution for buckling of simply-supported symmetrically laminated hybrid plates with piezoelectric layers was presented by Kapuria and Achary (2006b) . Using three-dimensional state-space formulations, influence of weak interfaces on the buckling of simply supported orthotropic piezoelectric laminates with interlaminar bonding imperfections was investigated by Kim and Lee (2008b) . Moreover, Jadhav and Bajoria (2013b) based on the first order shear deformation plate theory investigated the stability analysis of FGM plate with two piezoelectric layers using finite element method.
The buckling delamination problem of a simply supported sandwich plate-strip with a piezoelectric face and elastic core layers was studied by Akbarov and Yahnioglu (2013a) . In order to investigate the effect of stored voltage in actuators, Panahandeh-Shahraki et al. (2014c) presented fully coupled electromechanical buckling analysis of thin to thick active laminated composites. Fereidoon et al. (2014b) introduced an analytical approach for buckling analysis of two layered FGMs that were integrated with surface-bonded piezoelectric actuators subjected to thermo-electro-mechanical loads. Mirzavand and Eslami (2011a) presented a close-form solution for the thermal buckling of functionally graded plates with piezoelectric actuators subjected to thermo-electrical loadings.
Finally, buckling analysis of thick functionally graded piezoelectric rectangular plates was investigated based on the higher-order shear and normal deformable plate theory by Abdollahi et al. (2015) . They considered two cases consisting of closed and open-closed circuits as electrical conditions.
Contrary to functionally graded and piezoelectric materials, there are not so many researches on the buckling analysis of functionally graded piezoelectric plates. Although some studies achieved on the buckling of FGPMs referred to buckling analysis of cylindrical shells (2010f) and thick plates (2015) , but analysis of the effect of piezoelectric constants on buckling behavior of plates and shells is still an open area and needs more attentions.
According to the all-around literature review, it can be found that there is no work on the investigation of piezoelectric constants effect on the buckling behavior of a rectangular plate made of FGPM. In this study, based on third order shear deformation plate theory, the buckling analysis of simply supported rectangular functionally graded piezoelectric plates for both open and closed circuited electrical conditions are investigated. Assuming the function of electric potential is a combination of parabolic and linear functions of thickness coordinate z, the Maxwell equation and all boundary conditions including the conditions on the top and bottom surfaces of the plate for closed and open circuited are satisfied.
Considering the principle of minimum total potential energy, the equilibrium equations of the plate are derived. By using double series solution, six coupled governing partial differential equations are solved and the accurate critical buckling load is obtained. Verifying the accuracy of the present solution a comparison is performed for a special case of the functionally graded piezoelectric plate without piezoelectric effects. Finally, the effects of plate thickness, piezoelectric constants, piezoelectric index, loading conditions and circuited electrical conditions for some different FGPMs are comprehensively investigated.
Geometry and material properties
Consider a flat rectangular plate with the length a, width b, thickness h. The plate is made of FGPM with material properties varying spatially through the thickness direction continuously according to a power law distribution expressed as
where n is the material power law index and Θ b and Θ t denote the material property of the bottom   z=-2 h and top   z= 2 h surfaces of the plate, respectively. In this study, Θ demonstrates FGPM properties such as the elastic (C ij ), piezoelectric (e ij ) and dielectric constants (Ξ ij ). It should be mentioned that FGP is polarized perpendicular to the mid-plane in the direction of the z-axis.
Equilibrium and stability equations
Considering the third-order shear deformation plate theory (2010b) and the von-Karman hypothesis for non-linear relation of strain-displacement (2010b), the linear constitutive relations describing the electrical and mechanical interaction of FGPMs in the plane stress state can be written as ( 
Where [C] is the reduced stiffness matrix at constant electric field, [e] is the reduced matrix of piezoelectric constants, [Ξ] is dielectric constants matrix, {E} is the electric field and {D} is electric displacement field. In order to satisfy the Maxwell equation and the electrical conditions for open and closed circuits, the transverse distribution for electric potential is proposed as
Where ϕ is the electric potential on the mid-surface of the FGP layer and A and B are determined through satisfying the electrical boundary conditions on the surfaces of FGP plate. Moreover, based on the linear piezoelectricity, the electric field is the gradient of electric potential as
when both surfaces of the plate are short-circuited, the electrical boundary conditions for a closed circuit piezoelectric layer are represented as
On the other hand, when the inner surface of the plate is held at zero voltage and the outer surface is in contact with a low permittivity medium such as air or vacuum (open circuit condition), the following surface boundary conditions are assumed
Applying the principle of minimum total potential energy, the equilibrium equations are obtained as 
where subscripts (,) denotes the differentiation with respect to the Cartesian coordinate and β=3α=4/h 2 and N i , M i , P i (i=xx, yy, xy) are the resultant forces, moments and higher-order moments, respectively, and Q i , R i (i=xz, yz) are the shear and higher-order shear forces, respectively, defined by following relations (2010b)
According to the adjacent equilibrium criterion for obtaining the stability equations of buckling, a neighboring state of equilibrium is considered as an increment in the displacement field (1979, 2006a, 2011b) . Therefore, the displacement field can be written as
where the arrow is read "be replaced by" and superscripts "0" and "1" refer to equilibrium and neighboring states, respectively. Moreover, w is the transverse displacement and ψ x and ψ y are rotation functions of the middle surface in the x and y directions, respectively, and u and v are the mid-plane displacements of the plate in the x and y directions, respectively. Substitution of the relations (9) into (8), the expressions for stress resultants related to the equilibrium and neighboring states are obtained as follows
where the terms with superscripts 0 related to the equilibrium conditions and those with superscripts 1 are linear parts of the stress resultants increments corresponding to the neighboring state. Substituting relations (10) into Eqs. (7), the terms in the resulting equations with superscript 0 are omitted because of satisfying the equilibrium conditions. Moreover, the non-linear terms with superscript 1 are ignored because of the smallness of the incremental displacement compared to the linear terms. The remaining terms form the stability equations as 
where
can be replaced by the pre-buckling forces obtained from equilibrium conditions. The above equations formed the stability equations of the plate subjected to the inplane edge loading. Besides mentioned equations, the variables should also satisfy the Maxwell equation which requires that the divergence of the electric flux density vanishes at any point within the media. In order to satisfy this condition, the integration of the electric flux divergence across the thickness of the piezoelectric layers must be zero for any x and y as (2009a)
Substituting relations of displacement and strains into Eqs. (10) and (11) 
where A i , B i , D i and F i (i=1 to 9) are introduced in the Appendices A and B for open and closed circuit conditions, respectively. Eq. (13) is six highly coupled partial differential equations in terms of neighboring displacement components and mid-plane electrical potential function.
Buckling analysis
In this study, a rectangular plate with length a and width b subjected to in-plane loads is considered as shown in Fig. 1 . The pre-buckling forces can be obtained using the equilibrium conditions as
where P 1 and P 2 =RP 1 are the forces per unit length and R is the load ratio. With this definition, uniaxial loading in x-direction and baiaxial compressive loading in the x and y-directions are determined by R=0 and R=1, respectively while and R=−0 presents a plate under compressive in the x-direction and tensile loading in the y-direction. The electrical and mechanical boundary conditions for a simply supported rectangular plate which its edges are covered with electrodes and electrically is under zero applied electric field (grounded to zero potential), can be expressed as follows 
Where k ij (i,j=1 to 6) are introduced in the Appendix C. Non-trivial solution of the system may be obtained when the determinant of the sixth order coefficient matrix is set equal to zero for the buckling loads which results the characteristic equation. To evaluate the buckling load of FGP plate the characteristic equation has to be solved. The critical buckling load is the minimum value among all these P 1 and denoted by P cr .
Verification of results
In order to validate the accuracy of the present formulations, a comparison has been made with the previously published results. The first comparison carried out with the buckling analysis of FGM plates. For this purpose, aluminum (E=70 GPa) and silicon carbide (E=380 GPa) considered as bottom and top surface materials. Furthermore, the components of electric and dielectric matrix of piezoelectric material set equal to zero and elastic matrix components set equal to following
where E(z) is Young modulus that follow from Eq. (1). These considerations lead to FGPM becomes FGM and comparable with (2010b). As it can be seen from the Table 1 , the results obtained using this method coincides with the previous results (2010b) and therefore its merits and accuracy are verified. Other comparison has been made with (2015) . For this purpose, PZT-4 and PZT-5H considered as bottom and top surface materials, respectively. From results shown in Table  2 , it can be seen that accuracy of this method is verified.
Results and discussion
In order to present the following new results, it is assumed that the FGP plate is made of a mixture of BaTiO3 and PZT-7A as the bottom and top surfaces of the plate, respectively. The Poisson ratio of the plate is assumed to be constant through the thickness and equal to 0.3. The material properties of various piezoelectric materials are listed in Table 3 . Table 4 shows a comparison between the critical buckling loads of open, closed and "without piezoelectric effect" conditions. For "without piezoelectric effect" condition, the reduced matrix of piezoelectric constants [e] and the dielectric constants matrix [Ξ] are considered to be zero. In this condition only stiffness of FGP plate is considered. In this Table, the critical buckling loads have been tabulated for the FGP plate under three loading conditions, some material power law indices and different thickness-side (h/b) and different aspect ratios (a/b). From the results presented in the Table, it is concluded that the "without piezoelectric effect" condition has the critical buckling loads less than closed and open circuit conditions.
That means the piezoelectric effect leads to increase the critical buckling load. Moreover, for all mentioned loading conditions, the critical buckling load increased as thickness-side ratio increased. Furthermore, increasing in thickness-side ratio leads to increase the number of halfwaves in the critical buckling mode shape.
In Fig. 2 the critical buckling load for FGP plate has been shown versus the electrical boundary conditions. The plate is subjected to biaxial compression and tension along x and y directions, respectively. It is seen that the critical buckling load of open circuit condition is higher than that of closed and "without piezoelectric effect" condition. Therefore, by changing electrical boundary condition from closed to open circuit condition, one can easily change the critical buckling load without altering material properties. In the vibration absorbing and harvest energy from vibrating structures, this phenomenon is known as piezoelectric shunting (2009b). Besides, the critical buckling load and difference between the critical buckling load of closed and open circuit condition increases as the thickness to side ratio increases i.e., the growth rate of the critical buckling load of open circuit condition is more than that of closed circuit condition. and biaxial compression (R=1), respectively. The critical buckling loads of an FGP plate versus the thickness to side ratio subjected to biaxial compression with some material power law indices for closed circuit condition depicted in Fig. 4 . It is observed that the critical buckling load increases with the increase of material power law indices. Fig. 5 presents the critical buckling load of an FGP plate subjected to biaxial compression and tension loading versus material power law index for open and closed circuit conditions. As shown before, increasing of the material power law index leads to increase of the critical buckling load. Moreover, in smaller material power law indices the change of the critical buckling load is more obvious for both open and closed circuit conditions. The critical buckling load of different piezoelectric materials for open circuit condition under biaxial compression loading is shown in Fig. 6 . For this purpose, the material power law index of FGP is set to zero to make it a homogeneous material. Furthermore, material properties of the top (z=h/2) surfaces of the plate is changed to every specified piezoelectric material. As the figure shows, the least and the most values of critical buckling loads are related to PZT-5A and BaTio 3 , respectively.
To investigate the effect of the difference between the top and bottom piezoelectric material, the parameter δ which varies between zero and one is introduced. The material properties of the bottom surface of plate varies from PZT-7A to BaTio3 as δ varies from zero to one, wheras the material properties of the top surface plate are fixed at BaTio3. Fig. 7 shows the critical buckling load of FGP plate versus δ for both open and closed condiotions. It is seen that the critical buckling load increases as δ increases that means the critical buckling load of pure BaTio3 plate is greater than FGP plate that made of PZT-7A and BaTio3. Moreover, difference between the critical buckling load of open and closed circuit condition decreases as δ increases.
Some other studied cases are shown in Table 5 . In this table "changed" means that related variables varies as δ varies i.e., Θ(z) changes to δΘ(z) where δ varies as before. Cases Nos. 1, 2 and 3 are related to variation in elastic, piezoelectric and dielectric constants of FGP plate, (a/b=1, h/b=0.2, R=0) respectively. In cases Nos. 4 to 6 two sets of constants vary and in the case No. 7 all constants vary. In the Figs. 8 to 14 the critical buckling loads of FGP plates versus δ for various cases under open and closed circuit conditions at R=0 are presented. It is observed that the critical buckling load of case No. 1 is increased linearly when δ increases, Fig. 8 .
In order to explain this phenomenon, the scalar version of piezoelectric constitutive relationships is referred as follows (2009b) σ Cε eE,
For open circuit condition, electric displacement field is zero, hence Eq. (20) is reduced to
Introducing 2 C Ξ e  as equivalent stiffness of open circuit condition, it can be seen that by increasing C stress increases linearly. Similarly in the case No. 2 by increasing δ, the critical buckling load increases quadratic, Fig. 9 .
Moreover, the critical buckling load decreases as hyperbolic function due to the existence of dielectric constant in the denominator, Fig. 10 . Comparing Figs. 8 to 10 and considering the variation range of the critical buckling load (vertical axis), it may be concluded that the effect of dielectric constants variation on the critical buckling load is more than that of two others.
In Fig. 11 , piezoelectric and elastic constants are increased simultaneously. According to greater values of elastic constants, these constants have a dominant effect on critical buckling load. Thus, the variation of critical buckling load versus δ has linear behavior instead of quadratic ones. Refer to Fig. 12 it is concluded that, in the lower values of δ, the effect of dielectric constants is dominant thus the critical buckling load behaves as hyperbolic whereas in the higher values of δ, dominant effect of elastic constants leads to linear behavior of critical buckling load.
In the case No. 6, the critical buckling load increases as δ increases, Fig. 13 . It seems that the piezoelectric constants are more effective than dielectric ones on the critical buckling load.
The effects of all constants on the critical buckling load are studied in Fig. 14. Due to the linear behavior of diagram, it is found that the elastic constants have a dominant effect on the critical buckling load in this case. Furthermore, according to Figs. 9, 11, 13 and 14, in In Fig. 15 the critical buckling load for an FGP plate has been plotted versus the aspect ratio of plate for electrical boundary conditions. The plate is subjected to uniaxial compression. It can be seen that the critical buckling load decreases by increasing the aspect ratio for all electrical boundary conditions. Moreover, the critical buckling load of closed circuit condition is less than that of open circuit condition and greater than "without piezoelectric effect" condition. Moreover, it can be observed that by increasing the aspect ratio the critical mode number of buckling is increased. According to these results, it can be concluded that the piezoelectric phenomenon has Fig. 15 The critical buckling load of an FGP plate versus the aspect ratio under uniaxial compression (h/b=0.1, n=0) no effect on the critical mode number of buckling.
Conclusions
In the present article, an analytical method was developed for buckling analysis of FGP rectangular plates. Based on the higher-order shear deformation plate theory, the stability and equilibrium equations were derived. Six coupled stability equations were solved using double sine series solution. The critical buckling loads for fully simply-supported boundary condition and closed and open circuit electrical boundary conditions were presented. From the numerical results the following conclusions are emphasized:
1. The electrical effect of FGPM increases the critical buckling load for both open and closed circuit conditions. 2. The critical buckling load increases as the thickness of FGP plate increases for all electrical and loading conditions, the critical buckling load increases as the thickness of FGP plate increases. 3. In all loading conditions, changing the open circuit condition to the closed one reduces the critical buckling loads. 4. In all electrical boundary conditions, the highest and lowest values for the critical buckling load are related to the plates under biaxial compression, and tension and biaxial compression, respectively. 5. The effect of variation in dielectric constants on the critical buckling load is more significant than that of other constants of FGPM. 6. The piezoelectric phenomenon has no effect on the critical mode number of buckling. 
